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We exhibit the one-loop multi-gluon effective Lagrangian in any dimension for a field 
theory with a quasilocal background, using the background-field formalism. Specific 
results, including counter terms (up to 12 spacetime dimensions), have been derived, 
appUed to the Yang-Mills theory and found to be in agreement with other string- 
inspired approaches. 

1. Introduction 

The work presented in this paper has been motivated by a reconsideration of 
photon-photon scattering, generahzed to arbitrary dimensional spacetime [Q 
and to any number of scattering photons. Though an extremely feeble process 
and therefore very difficult to observe, this nonlinear process of scattering pho- 
tons by photons has attracted considerable attention (2[ ^, ^, |[ ||, 0, || since 
Euler first considered its low-energy limit in 1935. In this paper, we generalize to 
a non-Abelian analogue of this phenomenon: multi-gluon scattering in arbitrary 
dimensional spacetime which is not as weak a process as its Abelian counterpart, 
but is significantly richer in that gluons have classical self-interaction; also the 
gluon number need no longer be even, unlike photons. Multi-gluon scattering 
is mediated not only by meson and fermion virtual particles, but by vector and 
ghost loops too, quite aside from the tree-level contributions. 

A process involving an arbitrary number of gluons may be represented by 
a sum over permutations of the Feynman diagram with those many legs (in- 
cluding pinched diagrams). Clearly, direct evaluation of the sum over Feyn- 
man amplitudes is very involved, so instead we shall attack this problem in the 
background- field formalism | 9|, p^. III, 1^ , p^ , |l4j where, if appropriate quasilo- 
cal conditions are assumed |15|, |16rp^|, one can find exact expressions for the 
effective action without the tedious computation of Feynman diagrams. We 
shall revisit this method in section 2 where we shall be led to an expression for 
the one-loop effective Lagrangian for any gauge field theory with a quasilocal 
background in arbitrary dimensions. We shall then extract from this Lagrangian 
specific results including counterterms up to 12 spacetime dimensions and ar- 
rive at some conclusions. (We have limited ourselves to D < 12 since higher 
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numbers of dimensions have not gained wide currency.) In section 3, we apply 
the results of section 2 to the Yang-Mills theory with scalar bosons and Dirac 
fermions in the hope that this will provide greater insight into the structure 
of the effective Lagrangian associated with multi-gluon scattering in arbitrary 
dimensions, including string models and M-theory. 

The requirement that the background be quasilocal (i.e. possesses a co- 
variantly constant field strength tensor) does not mean that the results will be 
strictly valid only under that condition. In fact, as will be demonstrated, gen- 
eral results not constrained by the quasilocal assumption can be obtained for 
dimensions of practical importance, like D < 4. This is due to the fact that 
the covariant derivative of the field strength tensor of the background (which is 
set to zero in the quasilocal case) plays a significant role only in six and higher 
dimensions [p^ . 

As a manifestation of the practical usefulness of working with a quasilo- 
cal background, we have successfully recovered the pure Yang-Mills Lagrangian 
(see eqn. 50) that portrays the curious disappearance of F^^^ one-loop diver- 
gences in 26 dimensions, as previously noted in in respect of dimensionally 
reduced supersymmetric theories (and reproduced in reference pof using open 
Bose string theory). It is interesting to note how precisely the same results 
follow from seemingly unrelated|^ approaches. They tell us that new renormal- 
ization constants, involving higher powers of the curvature, must be introduced 
ab initio into quantum actions describing higher-dimensional gauge theories. 
What we and others have succeeded in doing is to calculate the (low-energy) 
one-loop contributions to such renormalization constants. In fewer space-time 
dimensions these terms of course represent finite calculable quantum corrections 
to the classical action. 

Although our original motivation focusses on a particular process (multi- 
gluon scattering), the method and general results exhibited in this paper may 
be applied to any ordinary renormalizable theory with an appropriately chosen 
quasilocal background and seem readily extensible to gravity ||2^, ^] . 



2. The one-loop effective Lagrangian 

The background-field procedure ^, |l^ ^ Q begins by replacing the 

field A in the original classical Lagrangian C{A) by the sum A + h, where A 
is now referred to as the background (or external) field and h the quantum (or 
internal) field. Working in a Euclidean formulation, so there is no distinction 
between upper and lower indices, the resulting Lagrangian is then expanded in 
h as follows. 

£iA+h) = C{A)+^^j^h+^d^hW^,iA)d,h+hN^{A)d^h+^hM{A)h+0{h''), 
(1) 

^The formal framework which relates string arnplitudcs to the background-field method 
has been explored fairly recently. See for example |2ll E5| . 
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where W, N and M are external spacetime-dependent functions which may be 
arranged to have the (anti)symmetry properties: 

= -Nf: (2) 

by adding total spacetime derivatives to C. The relevant Lagrangian for loop 
diagrams is therefore given by jl^, 

CiA+h)-C{A)-^^^ ^d^hW^,iA)d,h+hN^{A)d^h+hM{A)h+0{h''). 

(3) 

One-particle-irreduciblc(lPI) loop diagrams are calculated by using the quan- 
tum fields h as internal lines, while the background fields A appear at external 
vertices. 

It then follows that one-loop quantum effects will be governed only by terms 
bilinear in the quantum field h and these are precisely the terms explicitly 
written on the right-hand-side of (3). Except for the theory of gravity which is 
not considered in this paper, we may safely assume a flat metric, 

= -S^J''. (4) 

If one further defines the tensor quantities 

X = -m^ + M-N^N^ (5) 
= d^N,-d,Nf, + [N^,N,] (6) 

which together with h transform according to 

X e^(")Xe-^(") (7) 

V — e^(-)i;,e-^(-) (8) 
h — ^ e^(")/i (9) 

for some arbitrary antisymmetric matrix A*-'(x), then the relevant bilinear La- 
grangian may be cast in the manifestly gauge invariant form 

L = h[{d^, + Nf,f+m^ + X]h/2. (10) 

The generating function for connected Green functions associated with this bi- 
linear Lagrangian is given by 

exp J J d°xC^^^ ^T] j {dh) exp ^ j d"x^h[{d^ + N^,f + + X]h (11) 
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where C^^^ is the one-loop effective Lagrangian and the constant rj is chosen so 
that 

£(1) ^ 0. (12) 

Differentiating (11) with respect to X one finds that £^^^ is determined by the 
2-point Green function evaluated at the same point. 

1 

^ = -Tr(Mx)M^))- (13) 

Hence, one needs to solve the Green function equation associated with L and 
this is given by 

+ + X{x) + d^,N^{x) + 2N^{x)d^, + N^{x)N^{x)]^{h{x)h{x')) ^ S'^ix.x') 

(14) 

But for an arbitrary background, this is clearly a nonlocal problem and one is 
obliged to consider perturbative methods. Brown and Duff ||l5| however, showed 
that by imposing appropriate restrictions on the background, one may obtain 
in (13) exactly. We shall closely follow their method as we now assume a 
version of their quasilocal conditions on the background field: 

d,,Y,p = [Y,,p,N^] (15) 
d^X = [X,N^] (16) 

It will be recognized that (15) is a non-Abelian analogue of the condition im- 
posed by Schwinger Q on the Maxwell field strength tensor in calculating one- 
loop effective Lagrangians for constant external electromagnetic fields. This 
restriction accommodates a non-Abelian background field with a covariantly 
constant field strength tensor |2^. The complementary condition (16) is the 
simplest restriction that still allows for non-Abelian gauge theories satisfying 
(15). It may be shown that a tensor YJ^^ that satisfies (15) possesses com- 
muting Lorentz components, or Ypa] = 0. The field that satisfies (15) 
however, does not in general commute with itself (i.e., [N^.Nu] ^ 0). It is in 
this sense that a quasilocal background specified by (15) and (16) may be taken 
non-Abelian. 

The most general form of Nj^^ that satisfies (15) is given by |l5) 

N,,{x) = ~Y,,,{x)x,/2 + e'^^^^d^e-^^^l (17) 
Exploiting the gauge invariance of L, one can work in a gauge described by the 

— e-^(^) {N^ + 9^)eA(-) . (18) 
This brings us to a gauge where Y^^i, is constant: Y^i,{x) = Yfj_,y{x'), whereupon 

N^^~Y^,{x')ix-x')j2. (19) 



transformation |15 
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It may be shown using (16) that in any gauge, X commutes with Yfj_i, and 
so in the gauge (18) X is constant as weh, i.e. X{x) — X{x'). With these 
simphfications, the Green function equation (14) reduces to 



[d^+m^+X{x') + {x~x'),,Y^,,{x')^,~-(x-x')^,YUx'){x-x'U 



-{h{x)h{x')) ^5°{x,x'). 
n 



(20) 



In order to solve (20), we substitute the trial solution 
{h{x)h{x')) 



h ds 
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d^P -{ra'-+X)s-P(s)-\i(x-x')+Q(s)]-p~p-R(s)-p/2 

(27ri)^ 

(21) 

where -P(s), Qfi{s) and the symmetric nonsingular matrix R^,y{s) are to be 
determined in terms of X and Y subject to the conditions ensuring consistency 
as the background field vanishes, 



lim 



■ P{s) - 







Q{s) 







R{s) 




-2s 



(22) 



P, Q and R are found to satisfy first order differential equations |T^, |Tj which 
may readily be solved (see Appendix). Then (13) can be integrated with respect 
to X and the integration constant determined by (12). The resulting one- loop 
effective Lagrangian may then be expressed as 



£(1) = ± 



2(4^)^/2 Jo 



(-1)^ 



p—o 



Xs 



22"Bs> 



„tl 4-(2n) 



■tr(ys) 



2n 



(23) 



where the overall sign is (+) for bosons and (— ) for fermions. Tr denotes a 
trace over internal indices (including possibly spinor indices) while tr stands for 
a purely Lorentz trace. X{0) is X evaluated at zero background and _B„ are 
Bernoulli numbers. The result (23) which may be continued to arbitrary D, 
summarizes the contributions from all one-loop Feynman diagrams possessing 
arbitrarily many legs. It should also be noted that (23) remain valid in strong 
(but quasilocal) fields j26| as it contains all orders of the coupling constant which 
enter the expression through X and Y. 

Let us now extract some results from the one- loop effective Lagrangian (23). 
First, let us denote by C^^\D,p) the part of Z^^^-* which is of order q ui X and 
order r in F such that q + r ^ p, i.e. 



(24) 



q+r=p 
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The first six non- vanishing C^^\D,p)^ii arc 

— X2(try2)2 + —XhrY* —(tvY^f —trYhrY^ - -^tvY"] . 

576 ^ ^720 10368^ ' 4320 5670 J 

(30) 

The divergent part of C''^\D,p) is given by C^^\D 2p,p). For the results 
(25) to (30), the corresponding divergent parts (as D approaches an integer 
value 2p) are picked out as 

£(i)(D ^ 2, 1) = ^-^A_Tr{-[X - X(0)]} (31) 

C^'\D ^ 4,2) . ^^-,^^^{\[X^ - Xm - ^trr^} (32) 

^^'^(^ ^ ^'^^ = 64.3(6-1^) ^- - + ^^^'^^l 

^ 8,4) = ,,,,.(t^) Tr{l[X^ - X(0)^] - IxVr^ 
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12,6) = -Tr I — [X^ - X(0)*^1 - —XHrY^+ 

^ ' ^ 40967r6(12 - L>) \720^ ^'^^288 

— X2(try2)2 + —XhrY^ —{trY^ - ^trF^trF^ _ J—trY^ . 

576 ^ -^ 720 10368^ ^ 4320 5670 J 

(36) 

Any higher dimensional Lagrangians are probably irrelevant to the most popular 
physical models. 

One-loop counterterms are usually defined as the negative of our 
2p,p). The results (31) and (32) supply the divergent Lagrangians in D = 2 and 
D = 4, respectively. These results are valid in general (even in the nonquasilocal 



case) as may be checked with references ||18|, |19| |10|, 13 because the covariant 
derivatives VY (where = 9^ + [iV^,]), only begin to appear in the invariants 
for I? > 6 [|l9| . However, the results (33) to (36) for D = 6, 8, 10, 12 are valid only 
in the quasilocal case. The results for D = 6, 8, 10 may still be compared with 
references jisl, |l^ provided the quasilocal conditions (15) and (16) are imposed 
on their results. The presence of covariant derivatives however, provides some 
degree of arbitrariness in the choice of invariants due to the Bianchi identities 
and possible partial integrations on the covariant derivatives. For instance, the 
invariant Yf^i^Y^pYp^j^ appears in the results of ||l^, |l^ but does not appear in 
the quasilocal case (33) because the Bianchi identities allow us to write (up to 
a total divergence) 

Vl^pF,^ - li-D^Y^.)' + \{V^Y,p){V,Yp,), (37) 

which clearly vanishes in the quasilocal case. Our results for D > Q may be 
viewed as unique quasilocal limiting expressions of more general frameworks 
since all arbitrariness in the choice of invariants disappears in this limit. 

One may also indirectly compare the results of this section with those of 
Avramidi |g6[, who calculated the asymptotic coefficients of the heat kernel up 
to D = 16 essentially, although some work is needed before the results can be 
immediately compared. 

3. Yang-Mills Theory 

In order to apply the results of section 2 to a specific field theory, one needs to 
determine for the theory in question the relevant second order operator 

A = {dp + Npf +m^+X (38) 
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which appears in the bihnear Lagrangian (10) and from this identify iV^, 
and X. Y^i, foUows immediately from through (6). Once these expressions 
are correctly identified, the results of section 2 can be easily applied. As will be 
demonstrated in this section in the case of Yang-Mills theory, the term m? + X 
in (38) plays the role of a generic 'source' which determines the type of virtual 
particle loop that mediates the interaction. We begin by considering the pure 
Yang-Mills theory in section 3.1. Scalar bosons and Dirac fermions in a Yang- 
Mills background are discussed in sections 3.2 and 3.3. Results for the Yang- 
Mills theory incorporating the mesons and fermions close this section. 



3.1 Pure Yang-Mills theory 

Performing the background-field replacement + in the bare La- 

grangian for the pure Yang-Mills theory ||l^, |l^ 

^ - -\f%Ku (39) 

where 

= ^^.A^ - d^Al + gr'^A^Al (40) 
and using the Feynman-background gauge |l^, |l^, |l^ 

Cf,.^-\[{d,6^^ + gr''Al)alY (41) 
one finds that the relevant bilinear Lagrangian is 
2L,YM^al[{d,5'^^5^p-gr'^A'^^5^pf-2gr^^F^^p]al+i^t{d^^^^ 

(42) 

The first term in (42) gives the vector part while the second gives the contri- 
bution of the two fictitious fields ry^, i = 1,2. Hence, the relevant second order 
vector and ghost operators are, respectively 

[^.eator)tp = {d.S'^H^p ~ gp'^A'^^S^pf ~ 2g F^^^ (43) 

i^ghostT' = {d^5-' - gr'^Alf (44) 
Comparison with (38) immediately yields: 

{N.ector)ta.p = -gr'^A^S^p (45) 

{Y.ector)t.o.fi = -gr'^n^S^P (46) 

{X^ectorT^p = ~2gr''^F^^ (47) 
iNgHost)^ - -gr'^A'^^ (48) 
{Y.Hostr.i - -ar'-F^^, (49) 
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together with the vanishing expressions m^ector — rughost ~ Xgtost — 0. Note 
that the ghost effective Lagrangian acquires an overall factor of —2 resulting 
from the two "fermionic" fields 771 and 772. 

Using the results of section 2 one finds that the first few nonvanishing 

^pYMi^^PV^ are 

4Ud,2) = (^) ds.s^--f^CF;^F;^ (50) 

* 4 poo 



2(47r)^/2 J, 

238 + D f ^ ~5Q + D ^ ^ 1 

Up pa ' 288 I ^ ' 



360 



y^Fl^F^^F^^Fl^Fl (52) 

r 506--D pg pih pi pj pk pi _ 21A+D pg ph pi pj pk pi , 
\ 5670 t"^ fp po- crA At^ r/i 4320 I'M po' fA Ar^ rp^ 

74--D ps p/i pi pj pk pi \ 

10368 P'' "'M po" fP Ar rA / 1.""^ 

where CS'^'^ = jabc jabd -j-j^g Casimir of the adjoint representation. The result 
(50) clearly exhibits the curious absence of F"^^ one-loop divergences in the pure 
Yang-Mills theory in 26 spacetime dimensions, as noted in references po| . 
The divergent part of (50) is the well known result |2^, S 



C^MiD ^ 4, 2) = 3,,2y_^) y^^;.^;. (54) 



which is of course valid even in the nonquasilocal case. The divergent part of 
the Lagrangian in 8 dimensions follows immediately from (51): 
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/-(l) / 7^ Q A\ ^^^^ rate fbcf fcdg fdah 



pe pf pg ph pe pf pg ph \ ^55-) 

up per crp /IQ i/p per ap ] \^^/ 



41 7 

pf pg ph 

pu^ up^ pa^ ap. 

(The quasilocal results (51) and (55) may be compared with equation (2.9) of 
reference pOl.) For completeness, let us also write down the quasilocal divergent 
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Lagrangians in ten and twelve dimensions: 

„5 fabf fbcg £cdh £dei feaj a 

C^iD ^ 10, 5) = - '1024,5(10-% T-5^^^FS,F^^K.Fi^ (56) 



40967r6(12 - D) V2835 

lis SI \ 

_P9 p'l p« Pf' +_ FS pi pj pk pi \ /r7^ 

2160 ^'^ '^^ "'■^ 5184 ''^ '^^ ''' / v 



3.2 Scalar bosons in a Yang-Mills background 

The Lagrangian for scalar bosons in a classical background gauge field takes 
the bilinear form ||2^ 

Lscaiar - [(^^ _ zgr,M^)2 + m^]^ (58) 
where we normalize the generators according to 

Tr {T^T^) = TJ"''. (59) 
The relevant second order operator (38) for this theory is therefore 

^scalar = (0^ - igT^ A^f + (60) 

and one immediately identifies: 

{Nscalar)^. = -igT^A^ (61) 

{Yscalar)^.. - ^^T^ F^, (62) 
Xscalar — 0. (63) 

The results of the previous section now allow us to list down the first few non- 
vanishing Ci]}alariD,PyS: 

rW o^ r(2 - D/2) 1 



£(1) (D 4) - r(4-j:)/2) , ^ 

'-scaiaA^^*) - 2(47r)^/2 m^"^ -^U^s ^s^s-'s j 

J ^_ pa P'' J ]_ pa pb pc pd \ 

I 300 '^P P'^ '^^ 288 '^^ ^'^ \ ' 



(65) 
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( n R\ — r{6-D/2) rp^ /rparpbrjicrpdrrerrf\ 

r 1 pa pb pc pd pe pf , 1 pa pb pc pd pe pf 
I 5670 fJ-i^ i^P per o"A Ar r/i ' 4320 i^M P"" f-^ '''P 

I 1 pa pb pc pd pe pf 1 ((\f\\ 
10368 A"' "A" PO' c'P Ar rAJ ■ ) 

The corresponding divergent Lagrangians are 



- 4, 2) = 1t.f;,f;, (67) 



J ^_ pa p'' pc p'^ J 3_ pa pfc pc pd 

1 360 '^'^ '"^ '^'^ 288 '^'^ '"^ 



(68) 



4'ci;a.(^ - 12, 6) = 4096^f^Tr {T^T^T^T^T^Tf) 

/ 1 pn p^? pc pd pe pf I 1 pa pb pc pd pe pf 
I 5670 P'' i^P po" ctA At T/^ ' 4320 P'' PO" cA At 

I 1 pa pb pc pd pe pf 1 {(\Q\ 
~'~ 10368 P'' fp po-^crp^Ar^rA J • \"^J 



3.3 Dirac fermions in a Yang-Mills background 

The Lagrangian for Dirac fermions in a classical background gauge field is 
usually written in a form that involves a first order operator 

Lferm^on = V'^[*7p(5p " wTfA^^^) - ml]^/; (70) 

where 7^ represents a 2^^^^^ x 2^^/'^^ Dirac matrix normalized as usual by 

{7m,7.} = 2<5^,1 (71) 

CT^. = ^[7p,7.] (72) 

Trl = 21^/21. (73) 
A valid second order operator ^ is obtained through squaring: 

A/e^on = [-i7p(5M - igTfAl) ~ ml][z7,(a, - zgT^^) - ml] (74) 

Using (71) and (72), this may be written as 

A/e™uo„ = - igTfAlfl + m^l - ga^,TfF^j2. (75) 
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This may now be compared with (38) and one finds 

iNfern,^on)^. = -igTfA^l, (76) 
{Yferm^on)^.^, = -^9TfF-^^ 1 , (77) 
f ermion 

The first nonvanishing ^^fermioni^ ^ P) follows from (26) and is 

m 2) - %^ r(2 - ij/2) 21^/^1 

•^/ermionV-^' 2(47r)^/2 m"'^-" 6 J 1^'^ t^'^ ^ ' 

where Tr(rjTj) = TfS'^^ has been used. The corresponding divergent La- 
grangian is given by 



^iel™o„(^ - 4, 2) = -_J|^|r,^^;,F;, (so) 



Up to this order and as a check on our work, let us combine the results for the 
divergent Lagrangians of the pure Yang-Mills (54), the scalar boson (67) and 
the Dirac fermion (80). 

The result (81) is the one- loop divergent Lagrangian for the Yang-Mills theory 
with scalar bosons and Dirac fermions and is not restricted to the quasilocal 
cases (15) and (16). Except for the scalar sector, one may compare (81) with 
reference |l^ which gives the (3 function for Yang-Mills with Dirac fermions. 

The quasilocal assumption causes ^^j^lrmion^-^T^) vanish. The next non- 
vanishing Lagrangian is of order i^^, 

'-ferrnionK-^i^) - 2(47r)0/2 m^-o ^ \^ f ^ f ^ f ^ f ) 

( J-P<^ 7_ pa pb pc pd \ lor)\ 

V 18 pa^ ap 180 v p-^ pa ^ a p, } ^ \^^J 

whose divergent part in 8 dimensions is 

(§.p<i pb pc pd _ 2S pa pb pc pd \ /oo\ 
V9 up pa ap 45 pu vp pa apj \^^/ 

Finally, let us collect the results for the pure Yang- Mills (55), scalar (68) and 
fermion (83) sectors and exhibit the quasilocal divergent Lagrangian in 8 di- 
mensions. 

,(1) _ 



^^^^ 2567r4(8 - D) 



7 1 

___ £efa £fgb J^ghc rhed , ry /rjnarjnbrj-iCrpd\ 

'48 288 
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lTv{TfT}TjTf) 



9 

360 



pa pb pc pd , 
JUL' i/ju pa <jp ' 



60 



1 Tj:(^T^T^T^Tf) + ^Tr(T/T)r;r/) 



pa pfc pc 

jUl^ (T/A 



(84) 



The ten and twelve dimensional results are too complicated to write down 

and are probably not worth exposing. Nevertheless, the existence of higher 
dimensional divergent Lagrangians suggests that any theoretical model done 
in £)-spacetime dimensions must incorporate the i^^/^-invariant (together with 
properly chosen Pi^-invariants of the same order in the non-quasilocal case) into 
the bare Lagrangian. This is entirely in keeping with the dimensional nature of 
the gauge field A and coupling g, namely 

and accords perfectly with results (50) - (57). To reiterate, it is not enough to 
assume that the field theory starts off with a bare Lagrangian such as (39). In 

quantum field theory one should at the very least include extra powers of F, as 
encapsulated in the divergent parts (82) - (84), etc. 
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Appendix 

To find the functions P{s), Q{s) and R{s), let us prcopcratc the Green function 
equation (20) by / d^xe^P''^^~^ ^ and substitute the trial solution (21). 

J d^'x e^f [a^ +X{x') + {x- x')^{Y^^{x')d^ - Y^,{x'){x - x')^/A)\ 

roc p jD I 

Xi / ds I ^ ^-(m^+X)s-P(s)-Wx-x')+Q(s)W-p'-R(s)v'/2 



= J d^xe*f-(^-^')5^(a;,a;'). 

Using the delta function representation J d^xe^^P~P ^'^ = 5^ {p — p') , this 

yields 



f 

Jo 



ds 
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^-im^+X)s-P{s)-Q{s)-p-^p-R{s)-p ^ -D-l 

From the antisymmetry of Y and the symmetry of R one can prove that 
PijY^vRupPp = ^Pij.\Y,R]ij,pPp. 

But the complementary quasilocal condition (16) impHes that P, Q and R will 
depend only on Y and will therefore commute with Y. Hence, the right-hand- 
side above vanishes and whenever Yp^^R^p is encountered, we may set it to zero. 
Performing the p-differentiations leads to 



ds 



+X + ^{Q-Y^ - Q- trY^R) + Q ■ {-Y + ^Y^R) ■ p+ 



^p.{-2+^RY^R).p 



^ ^{m^+X)s-P{s)-Q{s)-p-^p-R{s)-p ^ -D-l 



which is clearly integrable provided P, Q and R satisfy the first order differential 
equations, 

^^P{s) = \[Q{s).Y'.Q{s)-tvY'R{s)], 



-Y+^Y^R{s) 



^^Ris) = -2+lR{s)Y'R{s). 



By this means, 



-{m^+X)s-P{s)-Qis)-p-p-R{s)-p/2 



D-l 



The differential equations for P,Q,R subject to the boundary condition (22) 
give us the following solutions: 

P(s) = -tr[lnsec(zys)]/2 

Q{s) = 
R{s) = 2iY-^tan{iYs) 



Performing the p-integration in the trial solution (21) using the formula 



Dpg-P-Qp-ip-Rp ^ ■D^D/2^-D/2^^P+^Q-R-^-Q-^ti\n{-R/2s) 



then setting x = x' , one finds that the Green function evaluated at zero sepa- 
ration is 



{h{x)h{x)) = 



(47r)^/2 



f 

Jo 



g--D/2g-(m"+X)s-trln[(iFs)-i sin(iFs)]/2_ 
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Substituting this into (13) and integrating with respect to X while remembering 
the limiting value (12), one finds |15, ^ 

fW _ ^ n r'^'^Tr (p-Xs^trln[{^Ysr' sin{iYs)]/2 _ -X{0)s\ 

" 2(4^)^/2 7o I ^ !■ 



Last but not least, the Taylor expansion 



In 



sin(z) 



E 



(-l)"22"g2n 

2n(2n)! 



2n 



where i3„ are the Bernoulli numbers, allows one to rewrite the last integral in 
the form (23) which is suitable for the purpose of obtaining £^^^ to any specific 
order in the fields X and Y. 
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